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Controlling Phase Interface Motion in Inverse
Heat Transfer Problems with Solidification

R. Xu*and G. F. Naterer'
University of Manitoba, Winnipeg, Manitoba R3T 2N2, Canada

In this paper, aninverse numerical modelis presented for solidification problems. Itis used to predict the transient
boundary conditions, which produce a prescribed interfacial surface motion and heat transfer. The formulation
calculates the required boundary temperature to provide a specified velocity of the phase interface during solid—
liquid phase transition. A control-volume-based finite element method is employed for the numerical solution
of the energy conservation equation. The finite element framework provides a novel alternative to other inverse
techniques based on structured grids. The effects of Stefan number and interface velocity on the solidification
processes will be investigated. Numerical examples are presented and discussed for one-dimensional and two-
dimensionalsolidification problems. The accuracy and performance of the formulationare assessed by comparisons
with analytical solutions. Based on the model’s capability of efficiently providing stable and accurate results, it
is viewed to be a worthy design tool in practical engineering applications such as thermal energy storage and
materials processing, such as casting and extrusion processes.
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Introduction

N many industrial processes, effective thermal control involving
phasechange is required in a real-time mode to improve process-
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ing conditions. Thermal control has received considerable recent
attention because of its wide practical applications. Specific exam-
ples include thermal controlin materials processing,such as casting
and molding, as well as ice accretionon structures. In materials pro-
cessingapplicationscontrollingthe heattransferpatternis important
because it can largely influence various processes, such as casting
quality and production time. Demirci et al.! implemented this type
of controlsuccessfullyin molding processes. The heat fluxes and ve-
locities of the solidification interface can be controlled in a manner
such that specified casting/molding properties and structures of the
material are achieved. For example, the processes can be controlled
by utilizing measurements, such as thermocouple temperature mea-
surements, during a process and then adjusting the external bound-
ary conditions at a flow inlet in a real-time mode to give improved
and desired results during solidification. Furthermore, Hale et al.?
presentan inverse methodology that permits independent control of
the interfacial temperature gradient during a solidification process.
These developments provideimportantprogressin the development
of advanced materials with improved mechanical properties.

The current control scheme requires a numerical simulation of
the inverse heat transfer problem. Heat transfer can be classified as
either a direct heat transfer problem or an inverse problem. In direct
problems, certain initial and boundary conditions are given, such
as specified temperature or heat-flux boundary conditions, and then
distributionsof the dependentvariables, such as temperature,are ob-
tained within the domain. Extensiveresearch studies have examined
directproblemsin heat transfer with phase change. The methods for
these problems, including analytical and numerical methods, have
been well developed?

On the other hand, the inverse heat transfer problem is concerned
with the estimation of a required boundary heat flux, or tempera-
ture, based on internal measurements or a desired internal process
behavior. It is well known that an inverse problem is much more
difficult to solve numerically than a direct problem.*

The inverseheattransferproblemhas beenapplied to two main ar-
eas: 1) the inverse heat-conductionproblem (IHCP)’~# and 2) prob-
lems involving phase change’~'3 In the inverse heat-conduction
problem, the unknown boundary temperatures or heat fluxes are es-
timated by utilizing transient temperature measurements at one or
more interior locations of the specified domain. This type of in-
verse problem has been the subject of considerable research. How-
ever, in the problems involving phase change, additional effects
of phase change during solidification and melting problems pro-
vide further challenges in inverse modeling. In these problems,
the temperature and the interface velocity can be prescribed at
the phase interface. The required temperature and heat flux at the
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stationary boundary of the domain are then unknown; these val-
ues must be determined by the numerical formulation. Because of
the presence of a moving interface, the phase-change problem can
become strongly nonlinear in the interfacial heat balance, and as
a result there are only limited studies dealing with inverse heat-
conduction problem involving phase change.

In this paper, a two-dimensional formulation of the inverse heat-
conductionproblem involving phase change will be examined. Sev-
eral previous methods have been developed for the solution of
this problem. In general, they can be categorized into the follow-
ing overall groups: 1) analytical method, 2) front-fixing method,
3) front-tracking method, and 4) fixed domain method. There are
only a limited number of analytical solutions available (mainly one-
dimensional problems). In the front-fixing method and the front-
tracking method, the solid and liquid regions are treated sepa-
rately, and the phase-change interface is explicitly handled as a
moving boundary. For the front-fixing method, the moving inter-
face is fixed with an appropriate coordinate transformation, and
the interface becomes effectively stationary. This method intro-
duces numerical complications by the coordinate transformation.
Zabaras®’ used a front-fixing method to obtain the solution of sev-
eral one-dimensional inverse solidification problems. A finite ele-
ment method with a future time-stepping technique was employed
in this study. Front-trackingmethods involve deforming and moving
finite elements or finite difference grids. The mesh is continuously
moving while adapting to the freezing interface motion.

Katz and Rubinsky'® developed a front-tracking finite element
method for the study of the inverse one-dimensional conduction
heat transferproblemwith phase change. Zabaras and coworkers' 12
solved two-dimensional phase-changeproblems by a front-tracking
method, and a boundary element analysis was used in conjunction
with Beck’s’ sensitivity analysis. The solutions were stabilized at
large time levels by a future time-stepping technique. This method
offers the advantage of clearly separating the two phases along a
boundary delineated by the mesh. However, the mathematical al-
gorithms required to appropriately adjust the mesh are generally
very complex. In many instances, this approach is computationally
intensive and often difficult to implement in conventional schemes,
such as finite element or finite volume techniques.

Fixed-domain methods'? do not change the initial spatial dis-
cretization mesh. These methods involve the assumption of a con-
tinuous solid-liquid mixture (i.e., no internal gas voids). The prob-
lem is formulated in a way whereby the phase interface conditions
become implicit within the conservationequations themselves (i.e.,
equations applied at interface and all other regions within fixed do-
main). Then, appropriate heat source terms (or effective specific
heat in representation of latent heat) can be introduced, and a sin-
gle differentialequation is solved over the whole domain (solid and
liquid). This method has the advantage of a single numerical imple-
mentation in both phases. Voller'? introduced a method to solve the
inverse one-dimensional Stefan problem based on an enthalpy for-
mulation. The discretizedinverseequationsare obtainedby a control
volume approach and a time-stepping scheme. In this approach, the
finite difference method is used, and the value of the liquid fraction
can be used to track the progress of the solid-liquid phase interface.
An iterative technique is adopted such that the solution provides a
specified movement of the phase interface.

There are two commonly used techniques in fixed-domain meth-
ods, that is, effective specific heat technique and heat-source-term
technique.* These two techniques define a total enthalpy H sepa-
rately by an effective specific heat (effective specific heat technique)
or a heat source term (heat-source-term technique) to account for
the latent heat evolution in the governing energy equation. In com-
parison with the source-term technique, the effective specific heat
technique often exhibits more stable behavior. In the source-term
technique, source terms are often the cause of diverging iterations,
particularly for problems with nonlinear source terms such as the
solidification problem. In these problems, source-termlinearization
is necessary, and so a nonlinear latent heat relationshipis expressed
in an approximate linear form. As a result, achieving a converged
solution depends on how well the source term is linearized. Also,

when a source term is linearized such as § = S. + S,7T, (in source-
term linearization, S. and S, refer to the constant part of S and the
coefficient of T, respectively; T}, refers to the temperature at point
p), the coefficient S, must generally be negative.'” In many cases,
this is difficult to achieve, and divergence of the iterations occurs.

This paper will consider the numerical simulation of inverse
phase-change heat transfer, during solidification and melting pro-
cesses, by a control-volume-based finite element formulation. In
this way, the model is conservation based while retaining the ge-
ometric flexibility of the finite element method. A fixed domain
inverse method with an effective specific heat technique will be
used, in both one-dimensional and two-dimensional solidification
problems, such that the phase interface moves in a desired specified
fashion. Some examples involving conduction with phase change
will be presented. Also, the effects of Stefan number and interface
velocity on solidification processes will be discussed. The preced-
ing developments can provide important contributions in terms of
control engineering for thermal problems involving solidification
and melting in industrial processes.

Problem Formulation

In this paper, the governing equations will be written in a dimen-
sionlessform. We will define the following dimensionlessvariables,
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where the subscript k refers to phase (i.e., k =1, 2 indicate solid
and liquid phases, respectively).For the individual scalar fields, the
reference scalar variables are

VO = Ol//XO (7)
ATy=T, —-T, ®)

where T; and T, refer to reference temperatures; they can be taken
as the maximum and minimum temperatures, respectively. Unlike
direct problems with Dirichlet boundary conditions, the temper-
ature nondimensionalizationin inverse problems involves bound-
ary temperatures that vary in time. Thus, the selected characteristic
reference temperatures might not be the maximum and minimum
temperature throughoutthe problem.In subsequentgoverningequa-
tions all variables will be written in a dimensionless form without
the superscripts® (removed for brevity).

The governing equation for two-dimensional, diffusion-
dominated energy transport with solid-liquid phase transition (pure
material) can be obtained by applying the principle of conservation
of energy to a specified control volume located at a given positionin
the domain. The energy conservation equation can then be written
as

a
5 P9 = V- (kVT) €))

An equationof state is requiredin order to write the energy equation
in terms of temperaturealone. In the present work, a piecewiselinear
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equationof state will be expressedin one equation (where subscripts
k =1, 2 refer to solid and liquid phases, respectively) as

e = (T)+ ¢ (T)T = T0) (10)

The reference values can be obtained by integration of the Gibbs
equationfrom apointin the liquid region to anotherpointin the solid
region.In this way, both latentand sensibleheat contributionsappear
in the energy distribution. These variables have been consistently
set to the following values.

(k =1, solid phase):

=0 (1
T..=0 (12)
e =c,/ (13)

(k =2, liquid phase):
€2 = @/e)(T, = T) + (¢, Je)(T) + 1/Ste  (14)
T,=T, (15)
=1 (16)

where ¢ = %(cJ + ¢1), Ste=¢,ATy/L, and T and T, represent the
solidus and liquid temperatures, respectively (Fig. 1). For a pure
material, 7, =T, =T, (T,, refers to melting temperature). How-
ever, T; < T; for multicomponent systems. In the solid phase, the
reference temperature is selected to be the minimum temperature
T, , thereby making 7, ; =0, based on the nondimensionalizatim
described in Eq. (3). In the liquid phase, the minimum temperature
encountered is 7; = T,,, which is thus used as the reference tem-
perature, T, ,, in that phase. In this approach (called the “effective
specific heat” technique, rather than “source-based” approach) the
latent heat arises through the preceding 1/Ste term because phase
transitionrequires an energy change correspondingto the latentheat
of fusion (represented within Stefan number).

In addition, the formulation of the phase-changeproblemrequires
appropriate boundary and initial conditions. Spatial boundary con-
ditions in direct heat transfer problems are generally classified into
three main types: 1) Dirichlet conditions (specified value of surface
temperature), 2) Neumann conditions (specified value of outward
normal heat flux/temperature gradient), and 3) Robin conditions
(convection condition).

For the inverseproblem, with the exceptionof the boundary where
the temperature will be controlled, all boundary conditions can be
treatedin a similar way as direct problems (Dirichlet, Neumann, and
Robin boundary conditions). However, at the controlling boundary
the temperatures are unknown, and they represent the solutions of
the inverse problem. A temperature at this boundary is obtained by
iterations following an initial estimate; in other words, at the begin-
ning of each time step, an estimated temperature is initially given.
Usually,itis setequal to the temperaturefrom the previous time step.
During each time step in the solution, the controllingboundary tem-
perature (at x = 0 in our case) is updated at each iteration until the

T
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Fig. 1 Binary alloy phase diagram.

predictedmovementof the interface agrees, within a given tolerance
(10~* in this paper), with the specified (or desired) movement. The
update used in this work is given by

Tyt =T+ (T = T0) /R, (17)

where m is the iterative counter (within a given time step) and the
subscript0 refers to boundary nodal point. For the currenttime step,
the specified interface position is at an interior nodal point p. The
updated boundary temperature in each iterationis then based on the
boundary temperature from the last iteration, the temperature dif-
ference at the interior nodal point p between previous and current
iterations, and the sensitivity coefficient. In a one-dimensionalcase,
the single boundary temperature is updated by using information
from the specified interface position (the single interior nodal point
p). For two-dimensionalproblems, such as the two-dimensionalex-
ample involving aluminum (upcoming section), the boundary tem-
peratures at multiple points need to be predicted. When using Eq.
(17) to update boundary temperatures during the iterations, bound-
ary nodal points are associated with interior nodal points, which are
along the same row. In other words, the interior nodal point p is lo-
cated along the same row, whichis projected inwards from boundary
nodal point 0. Because the interface position at nodal point p is only
used to update Tj at the boundary in the same row, then the bound-
ary temperature on another row does not directly influence the tem-
perature at that node. Following each update, the two-dimensional
heat equation is solved throughout the domain, and convergence is
achieved when the interface temperature sufficiently matches the
phase-change temperature. Thus, the two-dimensional effects are
experienced when the full two-dimensional heat equation is solved,
rather than interrow effects in the boundary temperature updates. In
relation to the uniqueness question, if temperatures along different
rows were involved in the boundary temperature updates, then this
might affect the convergence performance. However, the procedure
would still solve the two-dimensional heat equation to reach con-
vergence, so that the same answer would be obtained as without the
interrow updating. Thus, there is only one unique solutionin either
scenario.

Since the problem is transient (i.e., dependent variables change
with time), initial conditions are also required in order to give the
distribution of the temperature within the entire region at the initial
state (r =0).

Numerical Procedure

A control-volume-based finite element method is used in this
paper to solve the governing equations and implement the inverse
method in the numerical procedure. In comparison with conven-
tional finite difference methods, a finite element approach has more
geometric flexibility for applications to two- or three-dimensional
problems. Currently, a finite volume is defined and divided into a
set of subvolumes with finite element nodes distributed through-
out the domain. A two-dimensional domain and linear, four-noded
quadrilateral elements are used. Figure 2 shows a typical control
volume that is divided into four sub-control-volumes(SCV) associ-
ated with a particular node. The boundaries of sub-control-volumes
will be called subsurfaces. Additional details of the finite element

Control Volume

Element

Fig. 2 Element and control volume.
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discretization,inrelation to directproblems, are availablein Ref. 16.
The focus of the current paper is the developmentof an inverse pro-
cedure in the control-volume-based finite element framework. In
this way the inverse algorithm will be conservation based, while
retaining the geometric flexibility of finite elements.

A Crank—Nicolson scheme is used to evaluate diffusion and
source terms at the intermediate time level. In particular, this in-
termediate time level refers to the midpoint between the current
time level and preceding time level. For example, if we let the su-
perscriptsn + 1 and n refer to current and preceding time step, then
the diffusion flux (x component) in Eq. (9) is evaluated as

n+1 n
kz (T +T) (18)

and similarlyin the y direction. The coefficients at stepn + 1 remain
as active coefficients in the implicit solution, whereas terms at step
n (i.e.,lagged terms) are grouped togetherinto the source term. The
overallalgorithmthen becomes second-orderaccuratein time. Also,
the spatialdiscretizationprovidesessentially second-orderaccuracy
in space.'

Intheinverseproblem, the governingequationsare identicalto the
equationsin the correspondingdirect problem. The differencearises
because the interface positionis given, instead of unknown, and the
temperatures at the controlling boundary are unknown, rather than
boundary conditions. The other boundary conditions are given as
the same conditions arising from the direct problem. We have an in-
terface that moves across one grid spacing at each time step during
the simulation. Given the movement of the interface (i.e., prescribed
velocity of the interface), we then select a constant time step. Dur-
ing the calculations,a node-jumpingmethodis used, whereby at any
time step the interface moves from one node point to the next adja-
cent point. Therefore, a fixed numerical grid is specified according
to prescribed interface velocity and time step. The grid can be uni-
form (constantinterface velocity) or nonuniform (variableinterface
velocity) according to the different specified interface velocities in
a particular inverse problem. Initially, during each time step, a ten-
tative (estimated) temperature at the controlling boundary is used,
and the equations are solved like a direct problem. In this paper, the
temperature at the preceding time step was adopted as the tentative
temperature. The desiredinterfacemotion was specified by the prop-
erties and the reference values in Eqgs. (11-16) at each node point.
The temperatures at the controllingboundary are then updated con-
tinuously using Eq. (17) in an iterative manner until the predicted
movement of the phase interface agrees within a given tolerance
(10~* in this paper) with the desired path. In a one-dimensional
case, the temperature at the single boundary nodal point is updated
at each iteration. By solving the governing equation, we obtain the
entire temperature distribution throughout the domain. Then, we
check the temperature at the desired interface position to decide if
the solution at the given time step is completed. In other words,
if the temperatures at the desired interface position agree with the
phase-change temperature within a given tolerance, we stop iterat-
ing in the current time step and start the next time step. Otherwise,
we continue to perform iterations. In the one-dimensional case, the
interfaceis at a singlenodal point, and the temperatureat this pointis
used to determineif the calculationconverges.In a two-dimensional
case (such as two-dimensional aluminum solidification in next sec-
tion), there are multiple points on the phase interface. In this study,
we use the midpoint to check if the temperature converges to the
phase-change temperature because the desired interface motion is
specified indirectly by a node-jumping method as just mentioned
(i.e., specify the properties and the reference values at each node
point for the desired interface motion).

Furthermore, a sensitivity coefficient will be defined as follows:

Fd

o,

19
PaT, (19

where the subscriptO refers to boundary. This coefficient essentially
measures the influence of changes in the boundary temperature 7

on the temperature at the point p (inside domain). The range of
sensitivity coefficient R lies between 0 and 1. The value of R ex-
presses the effective temperature connection between the point p
and the controlling boundary. As the sensitivity coefficient R be-
comes larger, then the influence of the changes in the boundary
temperature on the temperature at point p becomes stronger. It is
apparent that as a point lies closer to the controlling boundary, the
sensitivity coefficient becomes larger. This coefficient will be used
to update the boundary temperature in the current inverse method.

Furthermore, if we write 7" * Uin terms of a Taylor-seriesexpan-
sion, it can be expressed as

0T,

Tm+l Tm+ aT (Tm+l T()m)
192 T,
JFEW(TM+l )+ (20)

Neglecting higher-order terms (only first two terms retained) and
rearranging Eq. (20), then it becomes evident that Eq. (20) becomes
equivalent to the boundary temperature equation described earlier
in Eq. (17).

We will now consider how to perform effectively the numeri-
cal calculation of the sensitivity coefficient. Substituting Eq. (10)
into Eq. (9), we find that the heat-conduction equation becomes an
equation in terms of temperature alone. Then, taking derivatives
with respect to T on both sides of the equation, we obtain a result-
ing equation in terms of the sensitivity coefficient R. The resulting
equations can be written in the following form:

J J
(IOAtl)RZ+1 — (Io 1) n+ Z/ F- dn|n+l/2+s 1)

where J, refers to SCV area. Also,

AN,
F/ R,y =k ax B (22)

i=1

S; = — Zf F -dn|" (23)

i=1

Furthermore, the boundary condition for sensitivity coefficient is
given by

R =1, k>0 (24)
and for the initial condition by
R’ =0, all p (25)

where the subscript denotes nodal point and the superscript de-
notes time level. By a similar procedure as the solution of the direct
problem, the resulting equations can be solved numerically and the
solutions R at each point can be obtained.

It should be emphasized that the resulting finite volume equa-
tion for R, in Eq. (21) is solved with the finite element method
[based on the control-volume finite element method (CVFEM)].
Thus, each nodal R, is determined from a finite element equation
developed locally within each element, rather than globally and de-
pendent on the nearby mesh configuration. In this sense of a finite
element framework, the method is considered to be applicable to
unstructured grids because the local elemental equations are devel-
oped independently of the nearby node numbering. The internode
connectivity is handled independently, when the assembly of all
elements is completed.

The numerical procedure for the inverse solution can now be
summarized as follows:

1) Specify the movement of the phase interface (i.e., interface
velocity), and choose a constant time step based on this interface
velocity.
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2) Based on the velocity of the interface and the chosen time
step, then a fixed numerical grid is specified, such that at any time
step the interface moves from one grid point to the next grid point.
If a variable interface velocity is specified, then either a variable
time step, or nonuniform grid, is selected. In this work, the latter
approach is adopted.

3) Within each time step, an estimate of the unknown controlling
boundary temperature is given (equal to the temperature from the
preceding time step), and then the energy equation is solved in a
direct manner for the temperature 7'.

4) The sensitivity coefficients [Eq. (19)] are obtained, and the
unknown (controlling) boundary temperature is updated. Then, the
energy equation is solved again.

5) Repeat steps 3 and 4 for each iteration in solving the energy
equation. The solution is terminated when the predicted movement
of the interface agrees, within a given tolerance, with the specified
(desired) interface movement.

At some stage, as the interface moves further and further away
from the controlling boundary, the sensitivity coefficient becomes
smaller, and the iterative updating of the boundary temperature be-
comes more difficult. If numericalinstabilitiesarise in the preceding
procedure, that is, oscillations with diverging solutions within iter-
ations, then the currentapproach in handling this situationis further
grid refinement. Alternatively, a smaller time step can be selected.
Furtherstabilitymeasuresbased on entropytechniquesare described
in Ref. 17.

Although the phase interface motion is controlled by surface tem-
perature in this paper, the method can be applied to other boundary
variables of heat flux or heat transfer coefficient. If the surface tem-
perature cannot be controlled practically,only one additional step is
needed in the numerical simulation to calculate the required surface
heat flux, instead of the surface temperature.

In the following section we will consider applications of the cur-
rent formulation to two example problems with phase change.

Results and Discussion

Numerical results will now be presented for illustration of some
general features, performance, and accuracy of the proposed in-
verse methodology.Each example involvesa solution for the bound-
ary temperature, which produces a prescribed moving phase inter-
face shape and motion. The following problems will be considered:
1) one-dimensional solidification with constant interface velocity
and 2) two-dimensionalsolidificationinvolvingpure aluminum. The
finite element programis validatedthrough comparisonswith results
from available analytical solutions.

In many inverse heat-conductionproblems, real sensor measure-
ments from one or more interior locations of the domain are used
to predict the unknown boundary temperatures ® In such cases, any
“noise” in the system can seriously affect the stability of the inverse
algorithmemployed. However, in the following problems, the move-
ment of the phase interfaceis prescribed. During each time step, the
iterations converge until the temperature at the desired interface po-
sition is equal to the phase change temperature. Because we have
specified the moving interface position, the interface temperature
provides an error-free value equal to the phase change temperature.
As a result, the effects of noise on the stability of the algorithm are
not examined in detail here. Numerical simulations were performed
with a Pentium 233-MHz computer, and the solution at each time
step generally required only a few seconds. The fast simulations
indicate the efficient performance of the current procedure and its
potential for applicationsin a real-time control mode.

One-Dimensional Solidification with Constant Interface Velocity

By considering the following solidification process, involving a
pure material, we can examine the possibility of implementing the
inversemethodin a practicalapplication. An enclosure (see Fig. 3) is
initially occupied by a pure liquid at a temperature of 7;,, and 7, de-
notes the melting (phase change) temperature. The top, bottom, and
right walls are insulated, and no temperature gradients are initially
presentin the liquid region. The liquid is initially at melting temper-
ature 7,,. The position of the interface will be mainly controlled by

Interface
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T
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Fig. 3 One-dimensional inverse solidification problem.
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Fig. 4 Boundary temperature for different Stefan number.

the temperature at the left boundary of the cavity. The conductivity
k, density p, and specific heat ¢ are assumed to be independent of
temperature. Also, it is assumed that the interface moves in the x
direction and the shape of the interface is linear and vertical (at all
time levels) and the velocity of the interface is constant. We will
solve this problem to assess how the temperature at the left bound-
ary should vary with time to produce the desired interface motion. In
this example, the temperature at the left boundary will be uniform,
and it will only change with time, thatis, 7y (¢). It can be treated as a
one-dimensionalheat transfer problem, although the discretized do-
main and numerical formulation will be givenin a two-dimensional
framework. The temperature at the left boundary will be predicted
by the currentinverse method in order to control the interface shape
(linear) and motion (velocity) during solidification. This problem
is based on examples considered earlier by Voller'® and Zabaras et
al.,'? except that an extended range of Stefan number and interface
velocities are presented herein. The following problem parameters
(dimensionless) are adopted in this example:

a =1, c=1

This problem was chosen as a validation problem because an
analytical solution is readily available. At x =0, the solution for
the surface temperature required to produce the prescribed motion
(constantinterface velocity) is reported by Carslaw and Jaeger'® as
(in dimensionless form)

T(0,1) =Ty + (1/Ste){1 — exp[(V*/a)t]} (26)

Computed results will be compared with this exact solution. In
the numerical solution, since the interface is required to move
at a constant velocity, a constant time step and uniform grid are
adopted. The discussion here will be largely focused on the effects
of Stefan number and interface velocity on the inverse computa-
tions. All variables in the following figures are dimensionless as
defined earlier in the problem formulation section. For example,
T*=(T-T,)/(T; —T,). In this example the reference tempera-
tures were taken as 7; = 1°C and 7,, = 0°C (not the maximum and
minimum temperatures in the domain in this example). The vari-
ables 7T; and T,, represent the reference temperatures, and they were
used for purposes of nondimensionalizatim in Eq. (3). Figure 4
shows the effects of Stefan number on the solidification process.
The figure illustrates how the required boundary temperatures vary
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with time for different Stefan numbers, that is, Ste=0.05, 0.2, 2,
20, respectively. During the calculations for different values of Ste-
fan number, the same time step and same interface velocity were
taken (Ar =0.05, V =2). From Fig. 4, for each Stefan number, the
required boundary temperatures (to ensure V =2) decrease with
time. As the Stefan number becomes smaller, the requiredboundary
temperature decreases more quickly to achieve the same interface
velocity. In other words, as the Stefan number decreases, a lower
boundary temperature is required. This result was expected because
alower Stefan number representsa material with a higherlatentheat
of fusion. A material with a lower Stefan number releases/absorbs
more energy as it undergoes phase change. Therefore, lower bound-
ary temperatures are required to sufficiently cool the material at
lower Stefan-number values. In some cases, if the Stefan number
is very small and the interface is specified to reach a certain veloc-
ity, it might be impossible in practice to ensure that the boundary
temperature decreases sufficiently fast. If a solidification process
involving a material with a small Stefan number has to provide a
certain interface velocity and material quality, some consideration
can be given to changing the material’s properties by adding other
alloy constituents into the material.

Additional effects of interface velocity on the solidification pro-
cesses were investigated, and the results are shown in Fig. 5. The
Stefan number (Ste = 2.0) and grid configurations were maintained
as identical in these cases. The time steps were changed based on
the different interface velocities. Figures Sa—5d reveal that the re-
quired boundary temperatures vary as a function of time for different
interface velocities (V =0.02, 0.2, 1.0, 4.0). As expected, a larger
interface velocity requires that the boundary temperature decreases
much faster than cases involving a smaller interface velocity. Also,
the exact solutions for different situations are given in order to com-
pare the presentresults with the exactsolutions. Figures Sa—5d show
that the numerical computation gives generally accurate results at
small values of V, but the accuracy of the predictionsis somewhat
reduced with fasterinterface movement. For example, at aninterface
velocity of 0.02, the predicted results agree well with the exact so-
lution. As the interface velocity increases to 4.0, the accuracy of the
numerical computationsin terms of required boundary temperature
is reduced by 5%.

Also, the accuracy of the numerical computations can be im-
proved by refining the grid and the time step. A given interface
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-45 v T T r r g
0 0.05 0.1 0.15 0.2 0.25 0.3

Time

Boundary Temperature

Fig. 6 Boundary temperature for different grid refinements.

velocity (V =4.0) is specified, and so the problem remains identi-
cal after refinement of the grid spacing and time-step size. Figure 6
indicates that the solution accuracy is improved when the number
of grid points is doubled.

As the interface velocity decreases, the numerical computations
remain stable over a larger number of time steps. For example, at
V =0.02, more than 60 steps of time advance are predicted well,
but fewer steps retain stable computations at higher interface ve-
locities. In some sense this trend arises partly from the impractical
nature of the required exponentialdecrease of boundary temperature
in Eq. (26). This exponential decline would be difficult to achieve
in practical applications because 7y (¢) must eventually become in-
finitely low at x =0, particularly for high values of V. However,
it does represent an effective benchmark problem for model vali-
dation, as well as practical circumstances at early stages of typical
solidification applications.

The program is executed on a personal computer, and computa-
tions generally require only a few seconds for convergence within
each time step. If we compare executiontime in the program with the
actual (physical) time step in practice, then the physical timescale
is substantially larger than the computational timescale. Thus, it
is feasible to apply the program in a practical control setting for
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solidification processes. In other words, since the computational
time required to advance the phase interface a given distance is
more than an order of magnitude less than the physical time in the
interface advance, it appears that the algorithm might be suitable for
a real-time control setting.

The results from the thermal predictionscan allow a control engi-
neer to modify the boundary temperature in time to have the desired
interface movementin a given time increment. In more complicated
problems, such as three-dimensionalpredictions with fluid flow, it is
likely that the computational time might exceed the corresponding
physical time. For example, the CPU time taken over a time step
in the numerical simulation would exceed the actual time required.
However, with the rapid advance of computing technology and pro-
cessor speed it is anticipated that control engineering, merged with
computational fluid dynamics (CFD), will become a viable alterna-
tive to conventional control techniques. For example, recent studies
involving the NASA Lewis Research Center'® have facilitated the
use of CFD by control engineers designing propulsion controls.

Two-Dimensional Solidification with Pure Aluminum

Metal solidification of quadrilateral-shaped objects is often en-
countered in industrial applications. Examples include feeder sys-
tems in casting-mold assemblies and extruded parts. But in the
present problem, the domain characterizes spokes in a rotor sup-
port (see Fig. 7). A benefit of the carefully controlled solidification
processis to ensure alignment of the grain boundariesin a predeter-
mined direction for highest resistance to thermal and other stresses
encountered by the component during operation. Under certain op-
erating conditions the highest stresses would be best resisted when
the spokeis cooledin the direction parallel to the spoke face because
of the resulting alignment of grain boundaries.

We will consider solidification in a region (see Fig. 8) occu-
pied initially by pure aluminium at the melting temperature 7,
(i.e., slight undercooling required, below 7,, for onset of solid-
ification). The top, bottom, and right boundaries of the cavity
are adiabatic. The conductivity k, density p, and specific heat
¢ are assumed to be independent of temperature. It is desired
that the interface velocity varies with height y, so that the shape
of the interface remains approximately linear, and all points on the
interface reach the right boundary at about the same time. In this
way, the resulting grain boundaries can be aligned in a manner that

hub

spoke rim

Fig. 7 Quadrilateral-shaped section of rotor support casting.
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Fig. 8 Two-dimensional inverse solidification problem.

Table1 Thermal properties of pure aluminum

Problem parameters Value

1056.88 J/kg°C
1056.88 J/kg°C
229.28 W/m°C
229.28 W/m°C

8.1865 % 1075 m?/s

8.1865 % 10~° m?/s

Specific heat in liquid, ¢;
Specific heat in solid, ¢,

Heat conductivity in liquid, &;
Heat conductivity in solid, &
Diffusivity in solid, o
Diffusivity in liquid, o/

Density, p 2650 kg/m?
Latent heat, L 397,480J/kg
Reference length, X 0.1 m
Time step, At 12505
Melting temperature, 7, 660 °C

4

T

e 0.15m ————————

Fig. 9 Mesh structure.

allows the final solidified component to effectivelyresist conditions
of high stress. The position of the interface will be controlled by
the temperature along the left boundary of the cavity. We will solve
this problem in order to obtain the manner in which the tempera-
ture at the left boundary should vary with time ¢ and position y,
thatis, To(t, y).

In practical applications, it might be difficult to implement
such predictions exactly as the numerical simulation required. The
method can be applied for interface control by dividing the surface
into certain zones and then controlling the temperature or heat flux
over the zones. Then, a mean or average predicted temperature or
heat flux within the zones can be used, so the resulting conditions
would come as close as possible to the desired result. Errors in dis-
cretizing the regions into such zones could be reduced when the
number of the zones increases. Although it might be difficult in
practise to obtain results exactly as desired, the current approach
strives to improve the quality of solidified materials by applying a
deterministic control of temperature or heat flux at the surface. This
example is a fully two-dimensional problem. The thermophysical
parameters in this simulation are shown in Table 1.

Figure 9 shows an outline of the mesh structure for the finite el-
ement discretization. The simulation is performed with a 20 x 20
mesh. The results for the top, midpoint, and bottom boundary tem-
perature are shown in Fig. 10. Although no exact solution is avail-
able for direct comparisons, we can still compare the temperature
at the midpoint of the left boundary to the average of a similar
one-dimensionalproblem. An equivalent one-dimensional problem
refers to heat transfer with phase change along the horizontal mid-
plane of a two-dimensional rectangular domain having the same
width as the originalmidplane. Meanwhile, Fig. 11 shows the results
for the distribution of temperature at the left boundary at different
times, and the trend of temperature appears qualitatively correct.
In particular, the average left boundary temperature decreases with
time, and the temperatures along the left boundary increase from
the bottom to the top boundary.

Also, we have compared the temperature for a point at the
left boundary with the analytical solution of the equivalent one-
dimensional problem at the top and found that the temperature is
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Fig. 11 Boundary temperature for solidification of pure aluminum.

higher than the analytical solution, whereas at the bottom the tem-
peratureis lower than the analytical solution. This reveals the proper
trends of the two-dimensional effects in this problem. Heat trans-
fer occurs from the top to the bottom regions. Thus, at the top,
the boundary temperature does not need such a cold value as the
one-dimensional problem. At the bottom, the boundary tempera-
ture should be colder than the temperature in the equivalent one-
dimensional problem. The results appear feasiblein this application
problem. Because the focus of this work is conduction-dominatead
phase change, appreciable superheating in the liquid generates free
convection in the liquid and interfacial regions, which is beyond
the scope of the present inverse study. Figure 10 shows the effects
of liquid superheating on boundary temperature at the top and bot-
tom at a low level (2°C above the melting temperature) when free
convectiveeffectscan be neglected. We found the boundary temper-
atures are lower than the case without superheating. Certain success
with inverse phase change and free convection has been reported.?’
Also, ongoing studies are further confirming the suitability and per-
formance of the current methodology in inverse convection/phase
change problems.

In the precedingresults, identical properties for the liquid and the
solid were used. However, this is generally not the case in practice.
It is necessary to examine how different properties in the solid and
the liquid affect the results. Figure 12 shows the results for midpoint
boundary temperature under the influence of different conductivi-
ties k for the liquid and the solid. Here, we define R1 as a ratio
of conductivity between the solid and the liquid (R1 =k, /k;). The
cases for R1 =1.0, 1.2, 1.5 were examined separately because the
conductivity of the solid is typically larger than the conductivity of
the liquid for aluminum. It can be observed that higher conductiv-
ities in the solid lead to a slower decline of boundary temperature.
As expected,a lower temperature gradient at the wall is sufficient to
yield the same rate of heat extraction when the solid conductivityis
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Fig. 12 Boundary temperature at midpoint for different R1 and pure
aluminum (R1 =k/k;).
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Fig. 13 Boundary temperature at the bottom for different R2 for pure
aluminium (R2 =c¢,/c;).

higher. Figure 13 shows the results for the bottom boundary temper-
ature under the influence of different specific heats ¢ for the liquid
and the solid. We defined R2 as a ratio of specific heat between the
solid and the liquid (R2 =c¢,/¢;). The cases for R2=1.0, 2.0, 5.0,
10.0 were examined separately. In Fig. 13, it can be observed that
the boundary temperature at the bottom s lower at a particular point
in time when R2 is higher (where R2 =c¢,/c;). If a higher R2 is
interpreted as a lower ¢; while keeping ¢, constant, then this repre-
sents a lower Stefan number because Ste = ¢; AT, /L. Then, a lower
boundary temperature at lower Stefan numbers appears consistent
with results obtained earlier in Fig. 4.

Furthermore, the grid structure (see Fig. 9) indicates that the cur-
rent inverse methodology has been successfully applied to grid dis-
cretizations involving skewed elements. It is possible to propagate
a curved phase interface across a rectangular domain. Because the
phase interface boundaries at each time step are known (specified
or desired) in the inverse problem, the mesh can be generated in ac-
cordance with that motion. Because of the flexibility of such mesh
generation, the method has generalityin solving problemsinvolving
curved interface motion.

When compared to other conservation-basedmethods for inverse
phase change (i.e., Voller'>!'%), it also exhibits greater generality be-
causethe localfinite elementequationsare developedindependently
of the mesh configuration. Thus, only modifications of the mesh file
are needed for differentgeometrical configurations,rather than code
redevelopment when internal node equations are dependent on the
mesh configuration. The focus of the current work is to demon-
strate a useful CVFEM alternative to conventional methods, rather
than claiming to handle highly complex two-dimensional problems.
Despite the limitations of the current method to node jumping and
interface propagation along lines (as commonly handled by other
conventional methods) it still represents useful contributions to the
literature through its CVFEM approach and treatment of sensitivity
coefficients therein.
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Table 2 Summary of capabilities of various inverse methods

Ref. Ref. Ref. Ref. Ref. Ref. Ref. Ref. Ref. Ref. Ref. Ref. Ref. Ref. Ref.
Capability 20 10 21 22 8 23 24 13 25 26 27 28 29 30 17
One-dimensional X X X X X X X X X X X X X X X
Two-dimensional _ — X X X X X _ — X X _ X X
Conduction X X X X X X X X X X X X X X X
Fluid flow _ — — X e — X _ X —_—
Phase change e X _  —— — — — X e X e X e X X
Conservation based _ — — X X _ — X _ X _ X X
Structured grids X X X X X X X X X X X X X X X
Unstructured grids X X X _ — — — — X X e X X X X
Skewed elements _ — — — X _ — — — X _ - — X X
Fixed domain X —_— X X X X X X X —_— X —_ X X X
Interface tracking e X _ —— — X X _ — X e X _ — —
Source based —_— X —_— X _ — — X _ X _ — - —
Heat capacity based —— —— _ — — — — - — — —— X X

At this stage it is worthwhile to summarize the contributions of
the present work and place it within the context of other similar
studies®10:13:17.20-30 Thig summary is provided in tabular form (see
Table 2) to clearly distinguish the features, capabilities, and limita-
tions of other predictivemodels. An X designationin a box indicates
that the reported results (cited researchers shown in references) ex-
hibit the capability or characteristic listed in that particular row. It
should be emphasized that a missing X might refer to “nota feature”
or “not applicable;’ that is, algorithm different than conventional
methods listed. Some rows refer to type of formulation (i.e., source
based), whereas other rows refer to specific desirable characteristics
of the method (i.e., two dimensional as well as one dimensional).

The terminology in Table 1 can be explained as follows: “Con-
servation based” refers to a control volume approach so that the
problemscalarsare conserved by directenforcementof discretecon-
servation laws (desirable feature). Finite differences suggest “struc-
tured grids,” whereas finite elements permit “unstructured grids”
(desirable, as it allows complete geometric flexibility). “Skewed el-
ements” (desirable capability) indicates whether the reported study
demonstrates this feature. “Fixed domain” and “interface tracking”
(i.e., front tracking, fixing, as described in Introduction), as well as
“source based” (latentheat source terms) and “heat capacity based”
(modified specific heat containing latent heat), refer to methods
dealing with phase-change problems.

This paper uses an enthalpy-based method, with an effective spe-
cific heat rather than a source-based approach (as used by other
standard inverse methods, i.e., Voller,'>'4), to solve inverse phase-
change problems. In this way it is viewed that less restrictive mesh
and time-step requirements are apparent than other previously de-
scribed methods because wide source term variations with Stefan
number can destabilize the numerical solution. When compared to
previous work of others, another useful aspect is the CVFEM for
solving the governing equations. This formulation is conservation
based, and each discreteequationis developed at an elemental level,
independent of the mesh configuration. Also, unlike previous first-
order methods in time, a Crank—Nicolson scheme was developed
and applied to the diffusion and source terms at the intermediate
time level. This improves the overall temporal accuracy of the in-
verse method to second-order accuracy in time. Larger time steps
can be used while still maintaining numerical stability in the solu-
tions. Overall, it is worthwhile observing that the currently reported
model provides a contribution to inverse method development in
view of its ability to simultaneously combine most desirable capa-
bilities of other models into a single formulation, thereby yielding
a flexible, efficient, and accurate tool for design purposes.

Conclusions

An enthalpy method, with an effective specific heat and a fi-
nite element formulation, has been employed for simulations of
one-dimensional and two-dimensional inverse solidification prob-
lems involving specified phase interface velocities. The enthalpy
method is based on a node-jumping algorithm, which calculates

the boundary temperature for a given interface velocity. The finite
element formulation permits flexibility in inverse problems with ir-
regular geometries, and the finite volume discretization provides
conservation-basedproperties in the overall scheme. The solutions
from two validation problems indicate favourable agreement with
other available solutions. Also, the results have shown the effects
of Stefan number and interface velocity on solidification processes
in the numerical computations. The currentresults indicate that the
inverse formulation is suitable for applications to problems over
a range of Stefan numbers and interface velocity conditions. Fur-
ther studies of inverse solidification problems can lead to automated
control of various industrial processes, whereby the boundary tem-
perature can be used to control the interface shape and motion, as
well as various properties of the solidifying crystals and dendrites.

Appendix: Derivation of Eq. (14)
Equation (14) will be checked as follows. The starting point is
the piecewise linear equation of state, Eq. (10), thatis,
e=e  (T)+c. (TYT —T4) (A1)
Using 7, ; =0 (dimensionless) and ¢, ; = ¢, /¢, in the solid phase,
Eq. (A1) gives e, =c¢,;T;/c; in the solid when it approaches the
phase-change temperature.

Then, following phase change into the liquid phase, the Gibbs
equation is integrated from the solid s to liquid / phase as follows:

! ! !
/de:/cpdT+/Ldk

where ¢, L, and A refer to the specific heat, latent heat of fusion,
and liquid mass fraction, respectively. A linear variation of liquid
fraction with temperature is assumed, that is,

(A2)

T-T
A== (A3)
I —-T
For a pure material (7; — 7;) =~ €, which represents a small value
(typically of order 1073), because phase transition occurs over a
negligibly small temperature range. A finite temperature range is
still required in the numerical computations. However, for a binary
constituent material 7; and 7 represent the liquidus and solid tem-
peratures, respectively.
Substituting Eq. (A3) into Eq. (A2) and integrating results in

1
f de = %(c, b T —T) + L (Ad)

After dividing by ¢, AT, (ATy =T; — T,), substituting the earlier
result for e; = ¢, T /c;, and redefining ¢, AT/ L = Ste (Stefan num-
ber), the desired result in Eq. (14) is obtained.
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